> %Z
e

From classical computing to
quantum compu




ACKNOWLEDGMENT: This paper was supported by the project
"Sustainable performance in doctoral and post-doctoral research
PERFORM - Contract no. POSDRU/159/1.5/S/138963", project co-funded
from European Social Fund through Sectorial Operational Program
Human Resources 2007-2013



, F O e oo e AR o spe®
p

/

Quantum computing

Quantum computing is a new field of science which uses
quantum phenomena to perform operations on data.

The goal of quantum computing is to find algorithms that
are considerably faster than classical algorithms solving the
same problem.



/ T

History

idea: Richard Feynman, 1982
David Deutsch

e introduced two models for quantum computing
 quantum version of Turing machine(1985)
 quantum circuits (1989)

e invented the first quantum algorithm which solves a problem in a
more efficient way that classical computation

Peter Shor

e polynomial time quantum algorithm for factoring integers

(1994)
Lov Grover

e quantum database search algorithm (1996)
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Qubit

The fundamental unit of quantum information is called quantum bit
or qubit.

A qubit can be |o) or |1) (basis states) or a superposition:
¥y = al0) + B[1) (1)
where
o + B =1 (2)



Quantum register

A collection of n qubits is called a quantum register of size n.
The state of the quantum register is :

21
¥) = ) Clko 3)
k=0
where
e o | k,) (4)

211

> lG =1 (5)
k=0
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Quantum gates

Evolution of a quantum system can be described by a unitary
transformation U. A unitary transformation that acts on a small

number of qubits is called a gate, in analogy to classical logic gates.
Unlike the logic gates, a quantum gate has the same number of inputs

and outputs.

A one-qubit elementary gate is described by a 2x2 matrix:
_(a b
O o (C d)

which transforms | o) into a | 0)+b | 1) and | 1) into ¢ | o)+d | 1).



One-qubit gates

Hadamard H H = %(1 _11)
Pauli X= ((1’ (1)) Y = ((l) _oi) 7 ((1) _01)

Phase shift  Ry= ((1) e(i)e)
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Two-qubit gates

Controlled-NOT (CNOT) SWAPControlled-NOT (CNOT)
0.0 0 é 8 (1’ 8
CNOT:OlOO SWAP=0100
0 0 0 1 5
0O 01 O
Controlled phase (Cph )
Sl 0 O
8 e § 0 O
UCph(¢) 5 N 0
0 0 0 exp(ip)
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Measurement

is the only nonreversible operation which can be applied to a quantum
state

collapses a quantum state into one of the possible basis states (so
measurement is a destructive operation)

%) = ao) + BJ1)

If a measure is performed, it obtains
|o) with probability a? (the state of the qubit becomes |0) )
|1) with probability B> (the state of the qubit becomes |1) )
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Quantum parallelism

The term was coined by David Deutsch, so as to distinguish it from classical
parallel computation in standard computers.

Quantum parallelism arises from the fact that the qubit exists in multiple
states simultaneously.

Due to the superposition principle and the linearity of operations, a quantum
computer is able to evaluate a function for many inputs simultaneously.

David Deutsch presented an example which showed that a single quantum
computation may suffice to state whether a function is constant or not. Given
an unknown one-bit function f:{o,1} — {0,1}, Deutsch algorithm decides if f'is
constant or balanced in a single quantum computation.

Us

L LS o



Quantum parallelism

0>— H H —
Us

1=— H
A

U= |un= | wAa= ws=

U, transformation is defined by: Ug | x) ly) = | x) |y ® f(x))

¥,) = | o)1) (6)

¥) = (5100 + = 11) (510 - 511))=0)(|0) - 1)) +3[1)(|0) - 1)) (7)

Py (8)
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Quantum parallelism

0=— H H —
Us

1=— H
A

U= |un= | wAa= ws=

| %)= 10)(|0 @ F(0)) — 1@ F(0))) +511)(|0 D F(1)) — |1 @ F(1)))
| '¥.)= 2 (-1)/@]0)(10) — [1)) + 5 (1)’ D[1)(|0) — |1))
| %)= (5 (-1 @0) + 5 (-1 D|1)) (510) — 5 1) (9)

|o @a)-|1®a)=(-1*(|0)— 1)) ,a €{0,1}



Quantum parallelism

Us

The state of the first qubit is

1 1
(_1)f(0)(_ 10) + N (—1)FOSF(D)|1)

wLie )
and becomes
—D'OIf(0) B f(1))  (10)
f(o) @ f(1) = o if and only if f(0)=f(1) and f(o) @ f(1) if and only if f(o) = f(1). So,

when we measure o, f is certainly constant and when we measure 1, f is balanced.

Deutsch showed that a quantum algorithm can evaluate f(o) ® (1)
without compute f(o) and f(1).
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Grover algorithm

presented in 1996
solves the following problem:

e Let a system have N = 2" states which are labelled S,S,,...Sy. Let there be
a unique state, say S, that satisfies the condition C(S,) =1, whereas for
all other states S, C(S) = o (assume that for any state S, the condition
C(S) can be evaluated in unit time). The problem is to identify the state
S

In other words, he presented an algorithm for searching an object in an
unsorted list with N objects.

In classical computation, searching an unsorted database cannot be

done in less than linear time. Grover’s algorithm has complexity
O(NY2),



Grover algorithm

|l/)0>=|o>n|1> (11)
1 2"—-1
Yu) = (HE" ® H)[0), 1) = — ZO 1x), (10) — [1)/VZ = [W)(10) — [1))/vZ
(12)
1 2n_1q
¥) = =) o,



Grover algorithm

The Grover iteration (G) consists of two transformations:
v’ the first transformation marks the searched element

v' the second transformation increases the probability amplitude of searched
quantum state

ve)




Grover algorithm

The unitary transformation is called “oracle” and is defined by:
O[x),ly) = [x), |y @ f(x)) (13)
where
|x) is a state of the first register (x € {o, 1, . . ., 2"-1})
ly) is a state of the second register (ye {0,1})
f is a boolean function, f: {0,1}™ —{o0,1}, f(x)=1 if x=x_ is the searched element,

f(x)=0, otherwise.



Grover algorithm

O 2| (Y| =T
1 2n—-1
e = —— > (~DID|) (14)
x=0

After O is applied the first register state is a superposition of all the basis states, but
the amplitude of searched element is negative while all others are positive.



Grover algorithm

The second transformation is and is called inversion about the mean or diffusion
operator. After this transformation the first register state becomes

N2

lWe) = Wi |¢>+\/_— |%o) The amplitude of the searched
element increased with O(1/NY2?),
m-2 _1 1 2l while the amplitude of unmarked

i : i states decreased.
|¢G> Zn_z \/ﬁ xZ:‘) x + \/ﬁ |x0> (15)




Grover algorithm

[xc)

[Ye) =G )

G rotates [i) toward |x,) by 0 degrees.

, 1
0 =2 1o (16)
arccos N

W)= Ol¥)




Grover algorithm

The state of quantum computer at each

step is:
2k +1
GFly) = cos( > 9) |lu) + sin(
N-1
= —— Y v
u)y = X
N—1 &
x=0
x¢x0

The number of iterations (k):

2k+1

5 6>|x0) (17)

Z] T




If N>>1, 8 =~ 2/+/N

ko, = round (% VN ) (19)



Generalisations of the quantum search algorithm

Boyer, Brassard, Hayer, Tapp

e Nisn't a power of 2

N-—-1
1 o
W|o>=ﬁ;|z>

* t (tz0) values satisfy a given condition
i m |N
round| - |-
e tisn’t known
Long, Li, Zhang, Niu

e Grover operator was replaced by arbitrary unitary and arbitrary phase
rotation operators

Ashley Montanaro

» search with advice: a probability distribution p = (p,), y&{s,...,n}, where p, is the
probability that f(y)=1



— Applications of the quantum search

algorithm (1)

Quantum counting

e Brassard, Hoyer, Tapp - counting the number of elements that
satisfy some conditions

Finding the minimum and the maximum
e Diirr si Hayer - finding the minimum in an unsorted list ; O(N'?)
* Ahujasi Kappor - finding the maximum in an unsorted list; O(NV?)

Element distinctness

e Buhrman, Diirr, Heiligman, Hayer, Magniezk, Santha, de Wolf -
finding the collision x;=x; ; O(n3/4)
e A. Ambainis - O(n?3)



~— Applications of the quantum search
algorithm (2)

Applications in the graph field

e Dirr, Heiligman, Hoyer si Mhalla
e connectivity
e Mminimum spanning tree
- single source shortest path

e Sebastian DOrn
» Hamiltonian graph
 Eulerian graph



Applications of the quantum search
algorithm (3)

e

minimum spanning tree O(n3/?) O(Wnm)

single source shortest path O(n3/”log>n) O(vynm)

connectivity O(n3/2) O(n) - undirected graph
O(v/nm ) - directed graph

Eulerian graph O(n*5) OWn)
Hamiltonian graph O(n2/(n+)
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~— Applications of the quantum search
algorithm (4)

Applications in the graph field

e finding a triangle in a n-vertex undirected graph

Magniez, Santha si Szegedy | 2005 | O(n'/7)

O(n13/10)
A. Belovs 2012 O(n35/27)

Magniez, Santha si Lee 2013 O(n9/7)




Conclusions

Quantum computing permits to perform computational operations on
date much faster and efficiently by taking advantage of quantum
parallelism.

A large amount of data could be stored by using the principle of
superposition.
In the last years, a lot of quantum algorithms have been developed.

Many of them are generalisations and applications of the two main
algorithms - Shor’s factoring algorithm and Grover’s search algorithm.

The paper presented some of the recent results in the quantum
algorithm development focusing on the quantum search algorithm.
These algorithms use the techniques of the quantum search to solve
problems faster than their classical counterparts can do.
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